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President’s Introduction

I am very pleased to inform all EUROMECH members of the outcome of the
recent EUROMECH Council elections, as reported in detail elsewhere in this
Newsletter. Let me here very simply welcome to the Council the following
distinguished colleagues: Professor Ambr�osio of Lisboa (Portugal, Solids), Pro-
fessor Jensen of Aalborg (Denmark, Solids), Professor Lohse of Twente (The
Netherlands, Fluids), Professor Schre
er of Padova (Italy, Solids) and Profes-
sor Schr�oder of Aachen (Germany, Fluids). They will serve on the Council
for six years from 1 January 2004. We will greatly bene�t from their involve-
ment in all aspects of EUROMECH activities and we wish them all a highly
successful term of o�ce.

I would also like to thank the other candidates who stood for election and did not
on this occasion get elected. Members will note that there was strong support
for all of them and I hope very much that they will remain actively involved in
EUROMECH.

The O�cers for 2004 are: P. Huerre (President), H.H. Fernholz (Vice-President),
M. Okrouhlik (Secretary-General), E.J. Hop�nger (Treasurer). They will be
assisted by B. Schre
er and W. Schr�oder as Associate-Secretary-General and
Associate-Treasurer respectively.

As always the o�cers and the Council will do their best to serve our Society
and they welcome any input on your part to further enhance our program of
activities.

Patrick Huerre

President, EUROMECH
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President: Professor Patrick Huerre
Laboratoire d’Hydrodynamique, �Ecole Polytechnique
91128 Palaiseau Cedex, France
E-mail: huerre@ladhyx.polytechnique.fr
Tel.: +33 1 6933 4990
Fax: +33 1 6933 3030

Vice President: Professor Dr.-Ing. Hans H. Fernholz
Hermann-F�ottinger-Institut, Technische Universit�at Berlin
M�uller-Bresslau Strasse 8, 10623 Berlin, Germany
E-mail: fernholz@hobo.pi.tu-berlin.de
Tel.: +49 30 314 22693
Fax: +49 30 314 21101
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Addresses for EUROMECH O�cers - continued
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E-mail: bas@caronte.dic.unipd.it
Tel.: +39 049 827 5611
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Elections to the EUROMECH Council

At the end of 2003, �ve seats on the EUROMECH Council became vacant. Af-
ter consultation with the advisory board, the a�liated organizations and sug-
gestions made by EUROMECH members, the following EUROMECH members
stood for election to the Council for a six-year term starting 1 January 2004.

Slot no. 1 B. Schre
er (S)
2 W. Schr�oder (F)
3 P. Gudmundsen (S) H.M. Jensen (S)
4 D. Lohse (F) T. R�osgen (F)
5 J.A.C. Ambrosio (S) J. Pamin (S)

Generally, two candidates stand for one seat and this was the case in slots 3
to 5. This rule is not an obligation, imposed by the statutes, and when there
are good reasons this unwritten rule needs not be applied. This was the case
in slots 1 and 2 because B. Schre
er and W. Schr�oder have accepted to serve,
respectively, as Secretary General and as Treasurer starting o�cially in January
2005.

The ballot sheet was sent to 1020 regular EUROMECH members and had to
be returned to the Treasurer’s O�ce on 15 December at the latest. A total of
341 ballots were returned by this deadline which is just slightly more than 1/3
of the ballots sent out and required by the statutes for the election to be valid.
The ballots which arrived late (a total of 17) were not taken into account.

The tallying was performed by two EUROMECH members (L. Davoust, and
E.J. Hop�nger) and the assistant to the Treasurer, G. Chavand. Of the 341
votes cast, 125 were undecided. The result is as follows:

Slot no. 1 B. Schre
er 170
2 W. Schr�oder 163
3 P. Gudmundson 75 H.M. Jensen 77
4 D. Lohse 106 T. R�osgen 55
5 J.A.C. Ambrosio 96 J. Pamin 63

B. Schre
er (Italy), W. Schr�oder (Germany), H.H. Jensen (Denmark),
D. Lohse (The Netherlands) and J.A.C. Ambrosio (Portugal) are, there-
fore, elected to the EUROMECH Council. The composition of the new Council
is given in this Newsletter.
Thank you for your support and collaboration.

Grenoble, 19 January 2004
E.J. Hop�nger, Treasurer
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EUROMECH Council Members

Patrick Huerre, Laboratoire d’Hydrodynamique, �Ecole Polytechnique,
91128 Palaiseau cedex, France | E-mail: huerre@ladhyx.polytechnique.fr

Hans-H. Fernholz, Herman-F�ottinger-Institut f�ur Str�omungsmechanik,
Technische Universit�at Berlin, M�uller-Breslau Strasse 8, 10623 Berlin, Germany
| E-mail: fernholz@pi.tu-berlin.de

Miloslav Okrouhlik, Institute of Thermomechanics, Dolejskova 5,
182 00 Prague 8, The Czech Republic | E-mail: ok@it.cas.cz

Emil J. Hopfinger, LEGI/IMG Domaine Universitaire, B.P. 53,
38041 Grenoble cedex 09, France | E-mail: emil.hop�nger@hmg.inpg.fr

David Abrahams, Dep. of Mathematics, The University of Manchester, Oxford
Road, Manchester M13 9PL, United Kingdom | E-mail: i.d.abrahams@ma.man.ac.uk

Jorge A.C. Ambr�osio , IDMEC, Instituto Superior T�ecnico, Av. Rovisco Pais 1,
1049-001 Lisboa, Portugal | E-mail: jorge@dem.ist.utl.pt

Ahmed Benallal, LMT, ENS Cachan, 61 Ave. du Pr�esident Wilson, 94253 Cachan,
France | E-mail: benallal@lmt.ens-cachan.fr

Irina Goryacheva, Institute for Problems in Mechanics, Russian Academy of Sci-
ences, Vernadskogo prospect 101, Moscow 117526, Russia
| E-mail: goryache@ipmnet.ru

Detlef Lohse, University of Twente, Department of Applied Physics, P.O. Box 217,
7500 AE Enschede, The Netherlands | E-mail: d.lohse@utwente.nl

Henrik Myhre Jensen , Department of Building Technology and Structural
Engineering, Aalborg University, Sohngaardsholmsvej 57, DK-9000 Aalborg,
Denmark | E-mail: hmj@civil.auc.dk

Wolfgang Schr�oder, Chair of Fluid Mechanics and Institute of Aerodynamics
RWTH Aachen, W�ullnerstr. Zw. 5 u. 7, 52062 Aachen, Germany
| E-mail: o�ce@aia.rwth-aachen.de

Chairpersons of Conference Committees

G.J.F. van Heijst (Fluid Mechanics), Eindhoven University of Technology, Physics
Dept., Fluid Dynamics Lab., W&S Building, P.O. Box 513, NL-5600 MB Eindhoven,
The Netherlands | E-mail: G.J.F.v.Heijst@fdl.phys.tue.nl

Yves Berthaud (Mechanics of Materials), Laboratoire de M�ecanique et Technologie,
61, avenue du Pr�esident Wilson, 94235 Cachan cedex, France
| E-mail: berthaud@lmt.ens-cachan.fr

Dick H. van Campen (Nonlinear Oscillations), Eindhoven University of Technol-
ogy, Mechanical Engineering Department, Den Dolech 2, P.O. Box 513, 5600 MB
Eindhoven, The Netherlands | E-mail: d.h.v.campen@tue.nl

Bernhard Schrefler (Solid Mechanics), Dipartimento di Costruzioni e Transporti,
Universita di Padova, Via Marzolo 9, 35131 Padova, Italy
| E-mail: bas@caronte.dic.unipd.it

A.V. Johansson (Turbulence), Royal Institute of Technology, Department of Me-

chanics, 10044 Stockholm, Sweden | E-mail: viktor@mech.kth.se
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EUROMECH Young Scientist Prizes
Awarded at the �fth EUROMECH Fluid Mechanics Conference

Toulouse, August 2003

Prize for the best oral presentation:

Philippe Marmottant (University of Twente, The Netherlands)

with

How ultrasound driven bubbles act on lipid membranes

Prize for the best poster presentation:

Silke Guenther (University of Technology, Darmstadt, Germany)

with

Vibrating grid turbulence scaling laws in inertial and rotating systems

Dr Marmottant has been a Postdoc since 2001 in the Physics of Fluids group
headed by Prof. Detlef Lohse at the University of Twente (The Netherlands).
He works on a project on the applications of microbubbles for ultrasound imag-
ing and therapy. His research interests are centered on the e�ect of bubble
oscillations, ranging from the rupture of cell membranes for drug delivery, to
small scale directed transport of liquids in micro
uidic applications.

His personal interests are, amongst others, cross-country running and ski-
mountaineering.

Ms Guenther is currently enrolled in a doctoral (PhD) program in the De-
partment of Hydromechanics and Hydraulics at the University of Technology
in Darmstadt, Germany. Her supervisor is Prof. M. Oberlack. Her area of
interest is the statistical modelling of turbulence with the help of scaling laws,
gathered from Lie-group analysis. Currently she is examining the 
ow case of
shear-free, turbulent di�usion produced by an oscillating grid.

In her leisure time she has been a member of the German national team for
modern pentathlon since 1994, and has participated nine times in the World
Championships.

Page 6



EUROMECH Young Scientist Prizes
Awarded at the �fth EUROMECH Solid Mechanics Conference

Thessaloniky, August 2003

Prize for the best oral presentation:

Athina Markaki (University of Cambridge, UK)

with

Elastic properties of thin sandwich panels with �brous metallic cores

Prize for the best poster presentation:

Cihan Tekoglu (University of Groningen, The Netherlands)

with

Identi�cation of Cosserat constants for cellular materials

Dr A.E. Markaki is a Post-doctoral Research Associate funded by the Cam-
bridge-MIT Institute, Department of Materials Science & Metallurgy, Cam-
bridge University, UK. Her research interests are centred on the development
of various lightweight metallic and composite systems, particularly those in-
corporating metallic �bres, for various application areas in which structural
performance requirements are combined with functional characteristics, such
as heat transfer or noise attenuation. She is also interested in the development
of devices based on intelligent actuation control for biomedical applications
such as prosthetic implants.

In her free time, she enjoys reading, music and other cultural activities and
also takes part in a variety of sporting activities.

Mr Tekoglu, born in Ankara, studied for his Bachelor’s and Master’s degrees
in mechanical engineering at the \Middle East Technical University", also lo-
cated in Ankara. Currently, he is working at the University of Groningen, in
The Netherlands, as a research assistant. His project is about micromechanics
of cellular materials, and sponsored by FOM and NIMR, both of which are
Dutch scienti�c organizations.

Outside of his studies, he also enjoys playing chess and basketball, and some-
times football.
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CONSERVATION LAWS COMMON IN THE MECHANICS OF SOLIDS
AND FLUIDS

Franz Ziegler1

Recipient of the EUROMECH Solid Mechanics Prize 2003

1 Introduction

Research in Mechanical Sciences has reached a level where a division into Me-
chanics of Solids and Mechanics of Fluids seems to be quite natural and ad-
equate. In Europe, this fact is also apparent for the biannual conferences,
The European Fluid Mechanics Conference and The European Solid Mechan-
ics Conference, held in the same year but at di�erent locations and tenures
with a rather small overlap of attendees. Similarly, the European Journal
of Mechanics appears in two separate volumes, A-Solids and B-Fluids. Even
computationally, such a division by the aggregate state is re
ected by the sets
of complications encountered in the most commonly applied Finite Element
Method. When considering a simple (point-) continuum, 
uid or solid, the
basis of the division is already found in kinematics. In Solid Mechanics, in
general, initially a (stress-free) reference state is considered and the motion
and deformation evolve as functions of time in the so called Lagrangean or
material description. In general, Fluid Mechanics relies on the Eulerian or spa-
tial description, where locally a time dependence of the state is observed in
nonstationary problems only. Of course, there are other physical reasons, e.g.,
tensor analysis is a must in Solid Mechanics and is not too often encountered
in Fluid Mechanics, two body wave speeds in elastic solids cause sophisticated
problems in wave propagation when compared to an acoustic medium, etc.
However, there are materials where the border does not exist, e.g., bodies
which creep over long time scales, or smart materials etc. Temperature e�ects
and electro-magnetic �elds are to be considered in both parts of Mechanics.

Engineering curricula on the undergraduate and the graduate level strongly
depend on Mechanics. Solid Mechanics and Fluid Mechanics, when taught in
separate classes at Universities to undergraduate students, however, cause more
problems than furthering the understanding of modeling and analysis. There
are only a few textbooks available where the conservation laws are presented in
a suitable form for both �elds. It is common practice, based on historical devel-
opments, to arrange the course on Fluid Mechanics after Statics, Dynamics and
Strength of Materials, the latter three solely devoted to solids. Students then

1Department of Civil Engineering (E201) Vienna University of Technology, Wiedner-
Hauptstr. 8-10, A-1040 Wien, Austria
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hardly recognize equilibrium conditions, conservation of mass and momentum
etc. as the common basis of Mechanical Sciences. At the graduate level this
two-world philosophy is even intensi�ed. Just a simple example of too late or
\not-at-all" understanding is the model of incompressible 
ow or isochoric de-
formation, which should be recognized by inspection of the continuity equation
in Eulerian description, not at all taught to the beginners despite it is just part
of kinematics. The classical articles in the Handbook of Physics are possibly
too mathematical to attract the attention of engineering students.

In the following, an attempt is made to bridge the gap between material and
spatial descriptions of the conservation laws based on \simple modeling" and
the notion of production terms of time rates of change, common even to other
�elds, such as Economics etc. Such an engineering view led to the translation
of [1] (originally published in German) into English, [2], with adoption by a
few US-Universities, and, recently, into Russian [3]. Since tutorial aspects take
a lead, all mechanical �elds are assumed to be properly smooth, continuous
or di�erentiable, i.e., singular surfaces are not considered at all. For a recent
exposition on the latter see Irschik [4].

2 Conservation of mass-kinematics

Kinematics, with basic de�nitions of displacements, velocity and acceleration,
strain and strain measurement and the de�nition of rigid body motion should
be the �rst topic in education. The continuum and the material points are to
be based on mass. Behind the mathematical de�nition of density, i.e., the mass
per unit of volume,

� = lim
�V !0

�m

�V
; [�] = kg=m3 (1)

stands \hidden" a quite variable size of the material points when comparing
the range, say from �ne structured metals to mass-concrete, where the latter is
a mixture of cement and gravel with sizes of up to 0.1 m or even more. Density
is a mean value over a su�ciently large number of constituents and thus the
size of material points ranges from less than 10�6 to more than 2 � 10�1 m.

Commonly, mass is conserved during motion or deformation.

2.1 Conservation of mass in material description

The distribution of mass is assumed known in the reference con�guration,
�0(Xi), referred to a Cartesian coordinate system Xi; i = 1; 2; 3, named ma-
terial coordinates. Each material point is mapped into the instant con�gura-
tion, conveniently referred to the same coordinate system, xi(t; X1; X2; X3) =
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Xi + ui(t; X1; X2; X3), by the displacement vector ~u in the material or La-
grangean description. No external sources of mass supply are considered in the
material volume V (t), hence, total mass is preserved,

dm

dt
= 0; m =

Z

V0

�0(Xi)dV0 =

Z

V (t)

�(t; xi)dV (2)

Mapping of the di�erential volumes is supplied by mathematics, where Fij =
@xi

@Xj
denotes the deformation gradient, and J = detfFijg is the Jacobian deter-

minant of the mapping, representing the dilatation of the in�nitesimal volume,

dV = JdV0; J = detfFijg (3)

where

e =
dV � dV0

dV0
= J � 1 =

3
X

i=1

"ii + nonlinear terms (4)

is the dilatation, which is approximated by the �rst invariant of the strain
tensor for small deformations. Since Eq. (2) must hold for all subdomains
in the reference con�guration, the integrands must be equal. With Eq. (3)
substituted, the local compressibility relation becomes

�(t; Xi) = J�1�0(Xi); J�1 = detfF �1
ij g (5)

Actually, Eq. (5) does not provide insight into the degree of approximation of
the assumption of incompressibility.

2.2 Conservation of mass in spatial description

In the spatial or Eulerian description we consider the velocity of a material
point as a function of its instant location and possibly of time, ~v(xi; t), and
consequently assume the streamlines to be known. The time rate of the mass
mV �(t), instantly contained in an assigned, spatially �xed volume, the control
volume V �, that is enclosed in the control surface @V �, with the 
ux of mass
through the surface considered as the only production term in the absence of
external sources in the volume, is simply given by

dm(V �)(t)

dt
=

Z

V �

@�

@t
dV � = �

I

@V �

�dS (6)

where, see Fig. 1, the mass 
ow rate per unit of the control surface is, ~n being
the normal pointing outward,

� = �(~v:~n); [�] = kg=sm2 (7)
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Figure 1: Control volume considered �xed in space. Normal ~n of the control
surface, velocity ~v, acceleration ~a and heat 
ux vector ~q are illustrated. The
latter applies also to a material surface. The control surface determines the
free-body-diagram, traction not shown.

For the control volume concept see, e.g., [5]. The balance equation (6) has
many applications from simple pipe 
ow to air-breathing propulsion engines
and rockets and is a basic formula for tra�c control, economics and other
�elds.

Considering the instant coincidence of a material volume, V (t), see Eq. (2),
with the control volume considered in (6), V �, the Reynolds transport theorem
results at once,

dm

dt
=

dm(V �)(t)

dt
+

I

@V �

�dS = 0;
d

dt

Z

V (t)

�dV =

Z

@V �

@�

@t
dV �+

I

@V �

�dS = 0

(8)
For a uniquely connected control volume, the surface integral in Eq. (6) can
be changed to a volume integral rendering

Z

V �

�

@�

@t
+ div (�~v)

�

dV � = 0 (9)

which must hold for any size of the control volume. Hence, the local condition
of mass conservation results, which is known as the continuity equation,

@�

@t
+ div (�~v) = 0 (10)

It takes the shape of its normal and more explicit form in 
uid mechanics, when
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considering the total time derivative of the density and expanding Eq. (10),

d�

dt
+ � div ~v = 0;

d�

dt
=

@�

@t
+ (~v:r)� (11)

Solving for the geometric condition on the velocity �eld and using rules of
di�erentiation known even to beginners, yields

div ~v =
d

dt
(ln �) (12)

Since the logarithmic function mitigates changes in density, the assumption of
incompressibility, div ~v = 0, holds good for rather large changes of the density
caused by pressure 
uctuation, e.g., in air-
ow.

Since the rotation of the velocity �eld, curl ~v , should be determined in kine-
matics and interpreted as the angular velocity of a small neighborhood of the
material points,

~! =
1

2
curl ~v (13)

the approximation in the consideration of an irrotational and incompressible

ow becomes evident and, with the existence of the velocity potential assured
by mathematics, the homogeneous Eq. (12) yields at once the Laplace equation
{ time is a parameter entering the solution only through moving boundaries {
the boundary condition, B.C., at a rigid wall at rest is indicated,

�� = 0; ~v = grad � B:C: : vn = (~v:~n) =
@�

@n
= 0 (14)

The balance of Eq. (6) can be applied to a moving control volume V ��. In most
applications it su�ces to prescribe a rigid body motion to the reference system
attached at a point A0 to the shape invariant control surface @V ��. With given
velocity ~wA and given angular velocity ~
, the velocity �eld ~w is expressed by
the basic formula of rigid body motion, j~r 0j = const,

~w = ~wA + ~
 � ~r 0 (15a)

Hence, Eq. (7) changes to the net e�ux rate

��� = �(~v � ~w):~n (15b)

and, since the density is a scalar function, Eq. (6) remains formally the same
when ��� is substituted

dm(V ��)(t)

dt
=

Z

V ��

@0�(t; ~r 0)

@t
dV �� = �

I

@V ��

���dS�� (16)
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This balance equation simpli�es if the observer in the moving frame sees a
constant density distribution.

It is believed that such early discussions would enrich kinematics and would
grab the attention of a European freshman.

3 Dynamics

The Euler-Cauchy equation of motion of Newtonian Mechanics holds good for
all material points, ~a is the absolute acceleration, ~b the body force and ~�i is
the Cauchy stress vector,

~f = �~a; ~f = ~b +

3
X

i=1

@~�i

@xi

; ~�i =

3
X

j=1

�ij~ej; ~v =
d~r

dt
; ~a =

d~v

dt
(17)

From equilibrium considerations in the free-body-diagram, it is known in statics
that the summation of the force density, ~f , renders the resultant of the external
forces, say ~R, with traction denoted ~�n,

Z

V

~fdV =

Z

V

~bdV +

I

@V

~�ndS = ~R (18)

which is supposed to vanish as a necessary condition for equilibrium. Hence, Eq.
(18) holds good also for a free-body-diagram at any instant of time. Integration
can be extended over any material volume or, alternatively, over any control
volume.

3.1 Conservation of momentum in material description

Integration of Eq. (17) over a material volume, a free-body-diagram at a time
instant, t, yields, considering the constant mass and the consequently allowed
interchange of time di�erentiation and volume integration, Eq. (18) being
taken into account, where dm = �dV is the mass element, and the subscript C
denotes the center of mass,

Z

V (t)

�~adV =
d2

dt2

Z

m=const:

~rdm =
d2

dt2
(m~rC) = m~aC = ~R (19)

The resulting Eq. (19) implies the fact that internal forces do not accelerate
the center of mass. The de�nition of momentum (impulse),

d~I = ~vdm; ~I =

Z

m

~vdm =
d

dt

Z

m=const:

~rdm = m~vC (20)
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allows for a reformulation of Eq. (19). Note the mass moment of �rst order
apparent in Eqs. (19) and (20).

The time derivative of Eq. (20) when substituted into Eq. (19) thus relates
the rate of momentum to the action of the external forces,

d~I

dt
=

d

dt

Z

V (t)

�~vdV = ~R (21)

Time integration renders conservation of momentum in the material descrip-
tion; note the resulting impulse of the external forces

~I(t) � ~I(t0) =

Z t

t0

~Rdt (22)

Multiplying Eq. (17) with the volume element dV with dm = �dV taken
into account, and taking its moment about the origin O of the inertial frame,
render, with the de�nition of the moment of momentum (angular momentum
or angular impulse)

d ~H0 = ~r � ~vdm (23)

added,

d ~H0

dt
=

d

dt

Z

m

~r � ~vdm =

Z

m

d

dt
(~r � ~v)dm =

Z

~r � ~fdm = ~M0 (24)

Eq. (24) is complementary to Eq. (21) and re
ects the equilibrium condition
of the vanishing resulting moment of the external forces of statics. It is quite
easy to show that the center of mass can be chosen as the reference point for
taking the moments, and, despite its motion, the rate of the absolute angular
momentum is related to the resulting moment of the external forces:

d ~HC

dt
=

d

dt

Z

m

~r 0�~vdm =

Z

V (t)

~r 0�~fdV = ~MC =

Z

V (t)

~r 0�~bdV +

I

@V (t)

~r 0�~�ndS

(25)
~r 0 is the position vector pointing from the center of mass to the mass element.

3.2 Conservation of momentum in spatial description

The mass contained in the control volume of Fig. 1 has a resulting momentum

~I(V �)(t) =

Z

V �

�~vdV � (26)
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Its time rate is activated by the production terms, absolute acceleration of all
material points in the control volume and the 
ow of mass through the control
volume which carries momentum. Hence,

d~I(V �)(t)

dt
=

Z

V �

@(�~v)

@t
dV � =

Z

V �

�~adV � �
I

@V �

�~vdS (27)

Substituting Eq. (17) and using the result (18) yield at once

d~I(V �)(t)

dt
+

I

@V �

�~vdS = ~R (28)

Since ~R is the resultant of the external forces acting on the control volume,
the control surface de�nes the free-body-diagram. In case of a time invariant
resulting momentum, Eq. (28) becomes a static relation: the net e�ux of
momentum equals the resulting external force acting on the control volume,
especially given by the sum of the traction on the control surface in absence of
dynamically relevant body forces.

Reynolds transport theorem becomes, analogous to Eq. (8), considering Eqs.
(21) and (28)

d~I

dt
=

d~I(V �)(t)

dt
+

I

@V �

�~vdS = ~R;

d

dt

Z

V (t)

�~vdV =

Z

V �

@(�~v)

@t
dV � +

I

@V �

�~vdS = ~R (29)

Selecting the point of reference for taking the moments �xed in the inertial
system and noting the analogous form of Eqs. (21) and (24) render at once the
companion to Eq. (28) for the angular momentum,

d ~H(V �)0
(t)

dt
+

I

@V �

(~r � �~v)dS = ~M0 (30)

where ~M0 is the resulting moment of the external forces acting on the control
volume.

Considering a rigidly moving control volume, Eqs. (15a) and (15b) apply and
the latter is to be substituted in Eq. (28) and Eq. (30). When the reference
point in the latter equation is changed to the accelerated point A0 �xed to
the moving frame, an additional term must be considered as shown below.
Further, the vectors of momentum and angular momentum are projected to the
moving frame and consequently, their time derivative consist of the \hopefully"
vanishing, nonstationary part (the rate of change relative to the moving frame

Page 15



indicated by d0

dt
) and the change due to the rotation of the reference frame with

prescribed angular velocity ~
,

d0~I(V ��)(t)

dt
+ ~
 � ~I(V ��) +

I

@V ��

���~vdS�� = ~R; (31)

d0 ~H(V ��)A
(t)

dt
+~
� ~H(V ��)A+m(V ��)(t)~r

0

MA�~aA+

I

@V ��

(~r 0 � ���~v) dS�� = ~MA

(32)
In deriving the Reynolds transport theorem for an arbitrarily moving control
volume, the concept of �ctitious particles moving with the velocity ~w has proven
useful, see Truesdell and Toupin [7, sect. 81] for details. Conservation of linear
and angular momentum is crucial for applications, e.g., to all kinds of turbines
and propulsion engines. The thrust of rockets and of air-breathing propulsion
engines is easily determined. In the general form of Eqs. (31) and (32), these
engines can be considered under maneuvering 
ight conditions.

4 Conservation of energy and the �rst law of

thermodynamics

The power density, i.e., the power per unit of volume, is related to the rate of
change of kinetic energy by scalar multiplication of the Euler-Cauchy equation
of motion (17) with the velocity,

dP

dV
= ~f:~v = �

�

~v:
d~v

dt

�

= �
d

dt

�

v2

2

�

(33)

where ~a = d~v
dt

has been substituted and (~v:~v) = v2 is inserted; note the chainrule
of di�erentiation in Eq. (33). The local relation (33) is alternatively integrated
over a material volume containing a mass m = const. or over a control volume
instantly containing a mass m(V �)(t):

Keeping the local density form preserved, Eq. (33) is multiplied by dt and
subsequently integrated over the arclength of a de�nitely selected streamline,
noting ~vdt = ~etds pointing in the tangential direction of the streamline, thus,
yielding the celebrated (generalized) Bernoulli equation of 
uid dynamics. It
takes on a rather simple form when the Euler equation of motion of an inviscid

ow is considered, where ~f = ~b � grad p , with p the (isotropic) pressure, is
substituted in Eq. (33).
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4.1 Conservation of energy in material description

Integration over a material volume renders with the de�nition of kinetic energy

T (t) =

Z

m

v2

2
dm (34)

the power law, relating the rate of kinetic energy to the sum of powers of the
external and the internal forces at any instant of time

dT (t)

dt
= P (e) + P (i) (35)

Time integration yields the law of mechanical work: the work done by exter-
nal and internal forces equals the increase in kinetic energy. In the case of
irrotational force �elds, a potential function exists and the law of mechan-
ical work becomes the conservation law of mechanical energy, to hold for
conservative systems. We assume here the existence of the elastic potential
U =

R

m
U 0dm = �W (i), with its density per unit mass denoted U 0, of the

internal forces only { it equals the negative work of the internal forces { to
rewrite Eq. (35) as follows

d

dt
(T + U) = P (e);

d

dt

Z

m

�

v2

2
+ U 0

�

dm = P (e);
dU

dt
= �dW (i)

dt
= �P (i)

(36)
Equation (36) must be generalized to account for the power supplied by non-
mechanical �elds. At �rst, the elastic potential density, U 0, is replaced by the
more general internal energy per unit of mass, u. In the case of the action of
external sources of heat supply in the material volume, power P (q), with heat

ux through the material surface, qn = (~q:~n), considered, see also Fig. 1, Eq.
(36) is generalized, and the rate of total energy becomes,

d

dt

Z

m

�

v2

2
+ u

�

dm = P (e) + P (q) �
I

@V (t)

qndS (37)

Subtraction of the generally valid Eq. (35) yields at once the �rst law of
thermodynamics in its standard form of the rate of internal energy, the kinetic
energy and the power of the external forces, P (e), are \eliminated",

d

dt

Z

m

udm = �P (i) + P (q) �
I

@V (t)

qndS (38)

For the boundary value problems of heat conduction in solids, see [6]; for
electro-magnetic �elds, see [7].
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4.2 Conservation of energy in spatial description

Considering the control volume V � �xed in space and instantly coinciding with
a material volume V (t), the Reynolds transport theorem is easily applied to
both the power law of mechanics in its form of Eq. (35) and Eq. (37), consid-
ering the heat 
ux through the control surface, see Fig. 1,

dT (t)

dt
=

dT(V �)(t)

dt
+

I

@V �

�
v2

2
dS

d

dt

Z

m

v2

2
dm =

Z

V �

@

@t

�

�v2
�

2
dV � +

I

@V �

�
v2

2
dS = P (e)(t) + P (i)(t) (39)

and

d

dt

Z

m

�

v2

2
+ u

�

dm =

Z

V �

@

@t

�

�v2

2
+ �u

�

dV � +

I

@V �

�

�

v2

2
+ u

�

dS

= P (e) + P (q) �
I

@V �

qndS (40)

Subtracting Eq. (39) from (40) yields the �rst law of thermodynamics for the
mass m(V �) in the control volume V � in the form standard in thermodynamics.
The Reynolds transport theorem when directly applied to Eq. (38) veri�es the
result,

Z

V �

(@�u)

@t
dV � +

I

@V �

�udS = �P (i) + P (q) �
I

@V �

qndS (41)

Since scalar quantities are apparent in Eq. (41), it is easily generalized to
account for a rigidly moving control surface, following the reasoning leading
to Eq. (16). The transition from Mechanics to Thermodynamics by means of
generalizing the power law of Mechanics seems to be straightforward and may
be attractive to beginners in Engineering curricula.

5 The Lagrange equations of motion

Applying D’Alembert’s principle, i.e. the principle of virtual deformations to
the instant con�guration in the free-body-diagram, the virtual work of the iner-
tia forces is included, in a discrete or discretized system, i.e., the position vector
is a function of n generalized coordinates and time, ~r = ~r(t; q1; q2; : : : ; qn), the
following relation is found, [2], p. 567,
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n
X

i=1

(

Z

V (t)

�

d

dt

�

@

@ _qi

v2

2

�

� @

@qi

v2

2

�

�dV � Qi

)

�qi = 0;

d

dt

�

@T

@ _qi

�

� @T

@qi

= Qi; i = 1; 2; : : : ; n (42)

For holonomic boundary conditions, the variations of the generalized coordi-
nates �qi remain independent and, hence, in the sum of Eq. (42), the terms
vanish independently. For the material volume enclosing the mass m = const.,
integration at constant time and the derivatives can be interchanged, thus ren-
dering the Lagrange equations of motion when substituting the de�nition of
kinetic energy, (34) { the second part of Eq. (42). Thus, the kinetic energy
must be expressed as the function T = T (t; _q1; _q2; : : : ; _qn; q1; q2; : : : ; qn). The
generalized forces Qi render the virtual work of the external and internal forces,

�W = �W (e) + �W (i) =

n
X

i=1

Qi�qi (43)

Further to the tutorial aspects of this article, there might be a research interest
to write these equations for a control volume. With applications in mind, e.g.,
to the winding of thin sheets, to deployable structures and in robotics, where
small vibrations are superposed on large rigid body motions, Irschik and Holl
[9] derived the proper form of the Lagrange equations of motion for a moving
control volume, thereby generalizing the virtual body considerations in [8]. At
�rst, Eq. (15b) is rewritten by substituting Eq. (5) and noting the functional
dependence of the Jakobean on the current position

��� = J�1(xi; qk(t); t)�0(Xi)(~v � ~w):~n (44)

The Reynolds transport theorem is applied to the term containing the total
time derivative in Eq. (42) rendering the Lagrange equations of motion for the
control volume

d

dt

�

@wT(V ��)

@ _qk

�

� @wT(V ��)

@qk

+

I

@V ��

�

���
�

� _qk

�

v2

2

�

� v2

2

����

� _qk

�

dS�� = Qk

(45)
The subscript w indicates that we deal with �ctitious particles moving with
velocity ~w. The notation of partial derivatives �

� _qk
, apparent in Eq. (45),

has been chosen to refer to the current state, i.e., the actual position of the
particles and the normal ~n have to be kept �xed when taking the derivative.
The generalized forces are determined as usual by comparing their virtual work
to the virtual work of the external and the internal forces in the free-body-
diagram keeping t = const.

Page 19



6 Concluding remarks

Considering the conservation of mass in the undergraduate teaching of kinemat-
ics illustrates physical modeling at an early stage. Conservation of momentum
and of energy in both formulations taught in one course of Mechanics is paral-
leled with illustrative examples. More advanced, even the Lagrange equations
of motion should be made available in the spatial formulation. Modern ac-
counts of the conservation laws are given in [10] and [11]. Historical remarks
are critically discussed in the recent related article [12]. The author kindly
invites critical comments, e.g., by Email: franz.ziegler@tuwien.ac.at
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First Announcement and Call for Papers
10th EUROMECH European Turbulence Conference

ETC10
Tuesday 29 June { Friday 2 July, 2004

Trondheim, Norway

http://www.etc10.ntnu.no

The 10th European Turbulence Conference, organized by EUROMECH (the
European Mechanics Society), will take place at the Norwegian University of
Science and Technology (NTNU) in Trondheim.

The conference aims to provide an international forum for exchange of infor-
mation on most fundamental aspects of turbulent 
ows, including instability
and transition, intermittency and scaling, vortex dynamic s and structure for-
mation, transport and mixing, turbulence in multiphase and non-Newtonian

ows, reacting and compressible turbulence, acoustics, control, geophysical and
astrophysical turbulence, and large-eddy simulations andrelated techniques.

Eight prominent scientists have already accepted the invitation to give keynote
lectures in their respective �eld of expertise. These are (in alphabetical order):

� G. Bo�etta (Italy) - intermittency and scaling

� C. Cambon (France) - strati�ed and rotating turbulence

� D. Henningson (Sweden) - transition and control

� Y. Kaneda (Japan) - turbulence simulations

� T.S. Lundgren (USA) - turbulence theory

� S.B. Pope (USA) - reacting turbulent 
ows

� N. Sandham (UK) - aeroacoustics

� Z. Warhaft (USA) - scalar mixing.

In addition to these 8 invited lectures, contributions are solicited from the
worldwide turbulence research community. The paper selection will be made by
the EUROMECH Turbulence Conference Committee on the basis of two-page
abstracts submitted by e-mail to abstract@etc10.ntnu.no by 31 October 2003.
The proceedings `Advances in Turbulence X' will be published by CIMNE and
made available at the conference. For further information,or to register your
interest in ETC10, please visit the website http://www.etc 10.ntnu.no. Any
enquiries should be sent to admin@etc10.ntnu.no
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